CHAPTER 11.

WAVESAND OSCILLATIONS

11.1 Springs

A hdicd saring should be afamiliar object; like alength of rubber or a rubber band, sorings
have aparticular physica property that make them especidly suitable for physicd andyss.
When aspring is compressed or pulled (extended) the oring ressts this deformation by trying
toreturnto itsorigind or naturd length. The srength of this restoring forceis proportiond to the
length by which the spring has been dretched, this property is known as Hooke's law. For the
most Smple discusson we will suppose that we have avery light spring thet lies on ahorizontd
frictionless surface, we then suppose that a mass misfirmly fastened to one end of the spring
while the other end isfixed to asde wall.

n X, X
The centre of mass of mlies naturdly a postion X, and the spring hasits naturd length. When
the soring is compressed m is moved to anew postion x, and aforce F, from the goring
attemptsto push m back to its naturd position, thereis of course an equa and opposte push
force between the goring and the wdll at the other end of the spring.

When the soring is put under tension and is extended so that misat x, arestoring forceF,
atemptsto pull the m back to its natura position, again thereis an equa and opposite pull force
between the spring and the wall. The eguation for the forces are
F=-k(X;.- %)
or R =- k(X - X).
If you consder this carefully you should observe thet X, <X, so that F, ispostive asit should
beif it isto point dong the x-axis, becausex, > X, , we aso have aforce F, thet pointsin the
negative x direction. The generd eguation for the force from a spring (thet isfixed a one end) is
F=- k(X- Xo) (111)

Thisforce equation can dso be written in terms of the massmas
ma, =- K(X- %)



Now if we compare this equation with (3.14)

ap- (x- %)
which isthe condition for harmonic motion, we can see that the motion of m on the end of the
soring is meets this condition. Therefore we have a solution for the motion of the soring if we
use equation (3.15)

X- X, = Asin(wt +f)

If we again look back to the section on HARMONIC MOTION wewill dso find the equation

a, = _Wzrx .
This can be compared with
k
a = (X %)
derived from equation (11.1). Asr, can bereplaced by x - X, we can dso identify
k
W _ (11.2)
We have previoudy defined
w2
T

where T was aperiod of rotation or arotation projected dong an axis. For our soring motion or
harmonic mation, T isthe period of acomplete ocillation. For this repetitive motion we aso
have the relation between the period and the frequency f of osaillation

1

=3 (11.3)

The motion of the mass attached the oring can be written as

X- X, = Acos(wt) (11.4)
with the speed

v =WwAsIn(wt) (11.5)
and the accelerdtion

a=-w’Acos(wt) (11.6)

The angular frequency w has been summarised above and relates to the mass and spring
condant k by equation (11.2). The amplitude of the motion A isthe maximum displacement
from X, this can be @ther positive or negdive.

When cogwt) =1
X- X, =A
v=0
a=-wA

The mass has reached amaximum distance from X, and come to a hdlt, the restoring force has
aso come to amaximum so the accel eration aso has amaximum vaue, the mass has however
come to rest before returning and the speed is zero.

When cogwt) =0
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X-%=0
V=WA
a=0 .
Themassis passng through the neutrd or equilibrium postion x, and ismoving with a
maximum gpesd but with no force is acting & this neutrad pogition.
Thekinetic energy of mis
Fmv? = smw? A% sin(wt)
with amaximum vaue of
(Bmv?) ., = S A% = $KAT
Thisisdso the sum of the kinetic and potentid energy of the system. If we write the potentid
energy dored in the soring as
P.E.=2Kk(X- %)*
we can show that the total kinetic energy plus potentia energy equas the energy in the system
K.E+P.E.=72mv?+3k(x- x,)* =3 kA® (11.7)
In our frictionless, consarvaive sysem we would expect this energy sum to remain congant.

11.2 Movement in Waves

A wave can move across or through a medium when the partides (or parts) of the medium
move harmonically. It isusud to assume thet the partides of the medium smply oscillate about a
mean position while the wave moves with a speed ¢. We need to distinguish the speed of the
wave, ¢ from the speed of aparticle, v in the medium. Asthe oscillation spreads through space,
wavelengths are defined, awaveength, | isthe distance between a displacement and the
nearest identica digolacement at these points the medium will dso have an identicad motion.

meats positiofn - -2 - - - - R R Tt I reeo - f-oaxis

meats positiofn - -2 - - - - R R Tt I reen - X-axis

Our next formularelates the frequency, speed and the wavelength.
h

In the sacond diagram the speed of the wave isindicated. As the wave movesto the right one

wave ength takes one period to pass so we can Smply write

I
c=—=If 11.8
: (118)
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There are two types of wave that are characterised by the way that the particles of the medium
move in relaion to the motion of the wave. In atransver se wave the particles move a right

anglesto the direction thet the wave travels. Water waves are an example of transverse waves.
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The above diagram Ms atransverse wave moving through aline of particdes with sngpshots
taken & equd time intervas, two particles have been tagged.
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Inalongitudinal wave the particles move in the same direction as the wave travels. Sound
waves travelling through air molecules are an example of longitudind waves
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The above diagram shows alongitudind wave moving through aline of partides with sngpshots
taken a equd timeintervas, the transverse displacements from the previous diagram have been
drawn longitudindly. Again two tagged particles are shown. The background compressve
waves can be seen moving to the right with a faster gpeed than thet of the particles of the
medium.

11.3 Moving Waves

Thereis no obvious connection between the motion of awave and the motion of partidesin the
medium through which the wave travels. In this section we want to concentrate on describing a
traveling wave. If we replot our transverse wave againg time we have the following result.

+++++++++
++++++++

Thiswave takes the form
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y= Asing?_?pt of %z Asin(wt +f)
wheref isan arbitrary angle (caled a phase congtant) and A is the amplitude of the mation.

A o
-AF . .

The wave was d0 previoudy disolayed aong an x-axis and thus it may dso take the
corresponding form

y=Asin§Q|—px+j g= Asin(kx+j )

where
_2p
k=" _ (11.9)
We can combine these two forms of space and time waves to describe atravelling wave.
describes awave travdling to the right dong an x-axis, while
y = Asin(wt +kx) (11.11)

describes awave traveling to the left dong an x-axis

11.4 The Standing Wave in a String

When atransverse wave is generated in ataut string of length | two travelling waves are formed,
these have the same amplitudes only they travel in opposite directions. the displacements of
overlapping waves Smply add together and so the wave in the string has the form

y=Adn (wt - kx) + Adn(wt +kx)

y = Adnwt coskx- Acoswt 9n kx+ Asnwt coskx+ Acoswtan kx

y = 2Asn wt cos kx (11.12)
Thislagt equation is not that of atravelling wave, it describes the osaillation of apart of the sring
as having an amplitude of 2Acos kx while the particle movesin time according to the factor Sn
wt. A sketch of equation (11.12) is shown below.

2Asin e fecosks
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Thefixed ends of the string must correspond with afixed zero in our function, these zero points
are cdled nodes. The length of anumber of haf wavdengths of this Sanding wave mugt be
equa to the length of the ring; thet is

where nisan integer. This equation gives us the wavdength in the sring

=2 (11.13)

n

We have adiscrete number of choicesfor the waveength of atransverse wavein agtring of
length |, eech particular value of n definesamode For afundamental modeor first
harmonic n = 1. For the second harmonic mode n = 2, for the third harmonic mode n =3
etc. Asthe speed of awave in a gtring depends on the tenson in the string we can dso
caculate the frequency of the modes (or harmonics) using equition (11.8)

f =n—. (11.14)

11.5 The Standing Wave in a Pipe

When alongitudina sound waveis generated in apipeof length | two travelling waves must
agan be formed. These have the same amplitudes only they travel in opposite directions and
overlap or add together. At an open end of the pipetheair isfixed at the pressure of the outside
atmosphere, while & a closed end the pressure can compress and rarefy againgt the end. From
the point of view of the ar molecules (partides in the medium) they are free to moveinto the
atmaosphere (displacement antinode) at an open end, but they are not free to move when
confronted by the wdl at an inner end (disolacement node). The pressure antinode (or greatest
varigtion of pressure) occurs at the displacement node, where the particles may be compressed.
The pressure node (or zero change) corresponds to the displacement antinode where the
particles can move fredy without compression. We have tried to illugtrate this point on the next

page.
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Here we have taken asingle line of particlesin anarrow, dosed tube and displayed them at
regular timeintervasfor haf aperiod of thar ganding wave. We have indicated the lineswhere
the displacement nodes occur; it should be obvious thet at these are pressure antinodes. To
maintain a pressure node a the open end of the tube particles are drawn in and out of the tube,
outsde the tube these particles ay at the same pressure (which isindicated by their regular
pacing). If we were to write an eqution for the podtion of the particles in the manner of
equation (11.12) we could write:

X, =X, + 2Adnwt coskx
To find the slanding waves in this open and closed pipe we use the knowledge thet the dlosed

end has a displacement node while the open end has an antinode. The fundamenta mode or first
harmonic looks like

0 that

X

0 that

For the nth harmonic we ned
| = (2n- DI
4
o that

f,= GV y i) (11.15)

If you are interested the speed of sound in arr is found from the formula

v =.404T +273) mst,

where T isthe air temperature on the Cadsus scae.
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If the pipeis open a both ends (thisis unusua for musicd indruments), displacement anti-nodes
must occur a each end. A typicd exampleis shown:

X

{

To find the ganding waves in this open pipe we use the knowledge that both ends have
antinodes. The fundamentd mode or firg harmonic looks like

........... | w
{
so that
i
=
The second harmonic gives
I=1.
The third harmonic is shown a the top of the page, thishas
3l
| =—
2
For the nth harmonic we nesd
-
)
sothat
nv
=—. 11.16
fo=> (11.16)
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