CHAPTER 4.

CENTRE OF MASS AND NEWTON'SLAWS

4.1 Mass and momentum

Massisthe property of abody that determines how that body reacts to forces, or in the case of
gravitationd force it determines how the body acts asaweight. To say thisusng aformula,
massistheminF =ma or W = mg, where F isforce or W isweight.

The units of massare kilograms, kg.

Mechanically the response to aforce shows in achange of motion, and/or adistortion. The
motion of abody with mass can be described by its momentum which is found by taking the
product of abody's mass with its veocity that is mv. The units of momentum are

kg ms?. Thefird important law gatesthat: the momentum of a body cannot change unless
aforce from outside that body actson it. Thislaw is often cdled Newton'sfirg law.

Under norma circumstances (in our earthly environment) frictiona forces operate between
bodies and the environment, these forces dway's tend to remove momentum. This congtant loss
of momentum is the reason why the above law was not generdly understiood until efter the time
of Gdlileo and Newton. In the past the naturd state of a body was thought to be a rest & the
earth's surface, because ultimatdy al momentum was logt to friction unless driving forceswere

goplied.

When two bodies callide their combined momentum on impact is conserved, even though
friction may later bring these bodies to rest with their environment. Two (or more) bodies are
cdled asystem and the above law can be modified to say that: the momentum of a system
cannot change unless a force from outside the system acts on the system.

Example Two masses of 1.0 kg and 2.5 kg gpproach each other with the speeds shown below,
if they dick together after impact whet isther find common speed?
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Momentum in the xdirection beforeimpact =1" 2 + 2.5 (-0.5) =0.75 kg m st
Let thefind speed bev, thenthe
momentum after impact of the combined bodies = (1+2.5)v

Momentum before = Momentum after
thet is 075 = 35v
o that Y =021ms.

As momentum isavector quantity we need to gpply our vector techniques for more problemsin
two or three dimensions.



Example Two massesof m, = 1.0 kg and m, = 2.0 kg gpproach each other with the velocities
shown in the fallowing diagram. If the massm, moves back aong the x-axiswith aspeed of v,
=1.0 m st dfter impact, what isthefind veodity of m,?
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To use vertors, we use the fact that conservation of momentum gpplies to both the
X-component of the total momentum and the y- component of the total momentum. In
methematical terms we can write

MV +MpVo, = MV, + MV, (4.)
and

MV, + MV, = My, + MV, (42
where V, representsthe velocity of m, and v ,the velodity of m, after the collison. The problem
tellsusthet v, is2.0m st in the x-direction, thet isv,, = 2.0 m s*. The problem aso tell usthet
v, i1s-1.0 m st in the x-direction, but we are l&ft to determine the components of v, .

V,, =-2c0s30°=2c0s150°=-173ms™

and v2y=23'n 30°=29n150°=1.00 ms *
Equation (4.1) gives 172427 (-173)=1" (-1) +2v,,
or V,, =-0.23ms™.

Equation (42 gives 17 0+2°1=1"0+2" v,

or V, =100 ms *

4.2 The centre of mass

When an externd (or outside) force acts on an object (system or body) it can both change the
momentum of the object and cause the body to rotate. Aswe wish to consider only the
momentum changes, we require the forces to act so that they do not cause rotation of the bodly.
For every body, thereisapoint a which dl the mass of the body can be conddered to act, this
point is cdled the centre of mass. The centre of mass can be described as the mass averaged
position of abody. When the line of action of aforce passes through the certre of massthat
force will not rotate the body.

If we consider the body as a collection of segments (thej th mass ism), each centred a a
location given by a postion vector r;, then we can find the centre of mass usng the following
"mass average’ formula

amr

rcm__o—
am

4.3)

In agmilar fashion we can dso write the velodity of the centre of massas
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(4.39).
It iseasedt to use these formulae by considering separate vector components.
Example Consder three masses that make a 10 kg system with:

m, =3.0kg a x,=20m andy, =30m,

m,=4.0kg a x,=40m andy,=1.0m
and m=30kg a x;,=10m ady,=20m.
Find x,,and vy, thex- and y-pogtions of the centre of mass of the system.

To do thiswe can bregk up our vector equetion into component equiations as follows

w = X+ X, + X
om m +m, +m, (4.39
y. = my; + MY, +MsYs
and o m+m,+m, . (4.3b)
These eguations endble usto write

~32+4.4+31 25 _

X =

o 3+4+3 10

3.3+4.1+3.2 19
a]d ycmz—__z

3+4+3 10

2.5m

1.9m

If thethree masses m,, m, and m, were joined together by light rigid rods then any force thet is
in line with the centre of mass (shown by a crass) will not cause any rotation of therigid sysem.
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4.3 Motion caused by forces

The momentum of abody cannot be changed unless aforce from outsde that body actsonit.
Our second law gates: the change of momentum caused by a forceis directly
proportional to that force. Thislaw isaso caled Newton's second law. For asystem with
fixed mass (thisis our usud assumption), any change in momentum can only involve achangein
Speeds or velodities and we can write the formula

mass”~ change of speed

~ timefor the changeto occur

or if we usevectors
F=ma. (4.9

Thisshould be afamiliar (if not famous) formulaand is quite Sraightforward to use. We usudly
assume that we have an externd force that acts through the centre of mass of abody of massm
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and thisbody isfree to move in response to the force. The units of force are newtons, N;
IN=1kgms2

We can dso write the formulaiin a different form
F ~ time for the changeto occur = changein momentum (4.5)
The two formulae written in words can aso be written using calculus, the first becomes

F :—d(:‘t") , (4.49)
while the second is
t2
Ordt =mv, - mv,. (4.59)

tl
Now asthis course does not depend on caculus, we want an equivaent way of expressing
these formulae. First we will overlook the fact thet we are dedling with vectors, we can do this
by smply keegping in mind that momentum and forces o have directions. Then we can make
the following statements about the magnitude of the forces or momentum:
for equation (4.49) (i) the dope of the momentum against time graph gives the force
that acts on a body
and for equation (4.5a) (ii) the area under the force against time graph gives the change of
momentum.

Thelast quantity Force” time, defined by equation (4.5) or (4.58) has the particular name of
impulse When abody changes momentum abruptly, such aswhen abdl is struck with a bat
(or racquet) we can describe the impulse as the product of the average force that acts on the
bal while in contact with the bat, times the time during which the bal was in contact with the
bet. Thisimpulseis dso amessure of the change in momentum of the ball.

Example: A tennis ball comes directly onto aracquet with aspeed of 200 km hr-1

(56 m st) and is returned with a gpeed of 150 km hr-1 (42 m st). If the mass of thetennisbdl is
0.055 kg and the ball isin contact with the racquet for 10 ms (thisis

10 milli-seconds), what is the average force that the racquet exerts on the bal?

The changein speed of thebdl =-42 - (56) =-98 ms?

Thechangeinmomentum of thebdl ~ =m(v; - v, )= 0.055(98) = 5.4 kgm st
F=—F7"—=5=50 N

Average force 10" 10°° .

If this force was gpplied verticdly it would lift about 54 kg againgt gravity.

4.4 Satic equilibrium (the absence of reative motion)

There ranainsathird part to our laws of motion, or athird law sometimes cdled Newton's third
law. Thislaw detes every force is countered by an equal and opposite reaction.

Aswe have seen some forces cause accel eration, these forces are opposed by the inertia of the
meass on which they act, we cdl thisan inertid reaction.
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Thereis another class of forces, these just hold bodies together in their stable positions, without
acocderating them. These are equilibrium for ces as they kegp objects from changing
momentum. A static equilibrium is the condition where objects are at rest with respect to their
surroundings. We can understand from experience what "a ret” means, but we should
remember that our own ret frame of referenceismoving al thetime, that iswe turn about the
earths axis every day and we orbit the sun every year. We travel around the sun at about 30
000 m st but aswe dl move together we experience no drastic forces or rdaive momentum
changesin our environment.

The equilibrium forces are each countered by a ba anced reaction according to our third law; in
other words we can say that an equilibrium occurs when the sum of the forces acting on abody
is zero. Mahematically we can write our equilibrium condition as

aF=o. (4.6)
Now to visudise the seps required to gpply this formula, we will consder an exotic example
shown below. While swinging from the vinesin the jungle, Tarzan's atention was drawvn to an
extreordinary sight far below, so he sopped swinging and is hanging motionless from two vines.

Tarzan's weight, mg acts through his centre of mass (usudly somewhere behind the navd for an
upright person). Hisweight is supported by the two more forces, F;, and F, thet act dong the
vines from which he hangs. If Tarzan isto hang above the jungle without swinging or rotating
then the forces acting on him must act from a common point; thet isthe lines of action of the
three forces meet (Somewhere in his chest). Now that we are concentrating on the forces, the
unnecessary (but more interesting) detalls of Tarzan should be forgotten. In the last Sep the
forces are drawn together all tail to tall asvectors. Thislagt diagram with the supporting forces
and the weight force dl acting from the centre of massis caled afree-body diagram Aslong
asthe externd forces act from a.common point the body is supported without reltive
acceleration or rotation. Because the total mass of the body can be regarded as acting & the
centre of mass, we can dso suppose that the externd forces act on or from this point in the

free body diagram.

Tofind F; and F, we combinethesewith mg o thet their sumis zero. This has been donein
the following figure. The forces are till shown enlarged, Tarzan is now nearly forgotten, and a
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convenient choice of X and y axes has been made.

g

Theorigind forces F; and F, need to be replaced with their x and y components
F,=Fcosq, and F, =Fsing,

F,, = F,cosg, and F2y =F,9nq,.

Equation (4.6) is aF=0
and this can be broken into equations for vector components as
& F =0
j
aF,=0
ad j

for our example we can subdtitute to get
F,cosq, - F cosq, =0
and FzsinQ2+F15inq1' mg:O_
It istheselast two equations thet will enable usto andyse the forces that hold Tarzan Seedy as
he dangles high above the jungle floor.

4.5 Balance and moments

We continue with another agpect of equilibrium that ensures that a body does not rotate as it
remansin equilibrium. Condder asmple mass supported by the two supports as shown below.

Y
E F,
A A
Ve x
\
e

In this Stuation the support force F, can only act through the support & X, while F, can only act

through the support &t X,. From the previous section (equetion (4.6)) we know thet
F+F-mg=0
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In this case the forces are dl pardld and their lines of action cannot not meet & a point. We
aso know the weight of the block mg can be conddered as acting from the centre of mass of
the block so that theline of action of the weight force passes through X, To counter the weight
force we must suppose that the two forces act together through a"force averaged” position, X
such aposition would be
_XxR+xF
XTTESE
1 2

Now, s0 that the weight can be supported, the force averaged position, xs must be directly
below the centre of mass

Xs = Xom
In thisway, the weight force and the support forces are able to oppose (or baance) each other
by acting in opposite directions dong a common line of action. Combining these equations gives
us

XmMd- X F - X,F, =O,
thislagt equation is a gatement about the moments of forces.

The moment of aforceisthe product of the magnitude of a force times the shortest distance
from an axisto theline of action of theforce; in our example the axisisthe origin of the co-
ordinate system. Our lagt equation illugtrates the principle: for equilibrium the sum of the
moments acting on a body must be zero. When goplying this principle ayou may stop to ask
"Where should the axis be?". The answer isSmple, the axis may be a any convenient point. We
can sy, that for equilibrium: the sum of the moments about any axis must be zero. If we look
back at the diagram we should note that the force mg acts to turn the block with a dockwise
rotetion about the axis & the origin, the corresponding moment X.,mg is caled a clockwise
moment. The other two forces F, and F, tend to support the system by reacting with
antidockwise rotation about the origin, ther moments x,F, and x,F, are anticlockwise
moments. In adding the moments together we must give the clockwise and anticlockwise
moments different Sgnsin ther sum. This enables usto write the equiation

a sk =0 4.7
where 5 isthe shortest (or perpendicular) distance from a common axisto the line of action of
F. and F, hasasgn that distinguishes forces that turn clockwise or anticlockwise about the axis.

In the last diagram the same forces as before are shown. Thistime an axis about (X, 0) has
been chosen, the shortest digtances from this point to the lines of action of F, and F, areshown
S0 that we can caculate the moments from the axis. Thereault is

(Xcm- Xl)Fl_ (XZ - Xcm)FZ :O’
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thereis no turning moment for mg because it passes through the axis. If we are able to cdculate
the equilibrium condition from any axis then the lagt equation mugt dso be true. You will find it is
acombingtion of the previous equations
_ xR+ xF
F+F,
and Xs = Xem,

Thistheory of momentsis essentia for an undersanding of the action of levers.
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