CHAPTER 1.

MEASUREMENT AND UNCERTAINTY

1.1 Introduction

Ultimatdy dl Physca theories mugt be verified by experimenta meassurement, for this reason
we will gart this phydcs course by congdering the way in which we may reae measurements
with theory. An accurate obsarvation is one in which we are completely confident, with access
to dl available knowledge, that it is correct. For indance it is accurate to say that we are kept
agang the surface of the earth because of the force of gravity. For a quantitative description we
can dso say that the accderation of an object faling fredly to earth is 9.8 m s2, thisnumber is
accurate dthough you may later find that there are many variations and exceptions to this vaue.
A word that can be dlosely rdated to accuracy is precision. Thisword indicates the amount of
uncertainty that might be associated with our description of a measurement. From our first
example increasing the precison to say thet the accderation of afaling object is9.800 m s2
would be more precise, but make the vaue unreligble and hence inaccurate. An accurate clock
isone that does not need correcting, neverthdess in using such a dock we make readings with
limited precison; for example if someone asksfor the time from an accurate dock they will be
happy knowing that it is say, four minutes past threg; dthough the clock can be read with
gregter precison it isalittle unusud to give the time to the nearest second. In asimilar fashion
when you are asked to give your age you usudly answer with aprecison of one year, thisisthe
case even if your age is needed for legal reasons or a scientific survey.

1.2 Significant figures

In normal practise three Sgnificant figures meet the needs of most descriptionsin physcs.
Some examples of three Sgnificant figuresare: 34900, 0.00123, 24.1.

Some examples that are not using three sgnificant figures are: 34 900.0, 34901, 1.001 23,
24.10.

For the examples given to three sgnificant figures there is an implied uncertainty. The number 34
900 may be taken to be less than 34 950 and greater than 34 850 this uncertainty leadsusto
assume that:

34900pP 34900+ 50

0.00123 P 0.001 23 + 0.000 005

24.1 b 24.1 + 0.05.
There are often ambiguities where common sense is needed. One case can be found above with
the number 34 900, what if the crowd a afootbal match was very carefully counted and was
found to be exactly this number? If you heard the figure over the radio in ameatch report, you
would never know how carefully it was measured and probably assume that the number was



accurate with the implied uncertainty of +50. As another example, the number 12.49 may be
rounded up to 12.5 and then 13, or it may be rounded directly down to 12, thus either 12 or 13
could represent 12.49 to two significant figures.

People often confuse decima places with Sgnificant figures, 1.243 has four Sgnificant figures
and three decimd places. This confusion is overcome by expressng a quantity in scientific
notation.

34900 =3.49" 104,

0.00123=1.23 103
and 24.1 =241 10.
In each case we have three Sgnificant figures and two decimad places; in the lagt case it would
be best to round off as desired and then return to 24.1.

1.3 Uncertainties

In normd laboratory messurements as well as every day discussons, we are content to work to
about 1% precison. For example we may or may not bother to offer $99 for a $100 item.
Agan we may be content to convert the old sandard measurement of 1 foot to 30 cm, even
though 1.000 feet = 304.8 mm isthe exact conversion.

We have dready used theform "34 900 + 50" to indicate the uncertainty in anumber. The
sgnificant figuresin the uncertainty and those in the quantity should agree to the same order. For
example the fallowing appear to be correct: 1.23 +0.05, 2.46° 103 + 20 and 0.0024 +

0.0001. By contrast next set appear to beincorrect: 1.23 + 0.052, 2.46° 103+ 2 and 0.0024
+ 0.00001. Thislast set would be better written as: 1.230 + 0.052, 2.460° 10° + 2 and
0.00240 + 0.00001.

Jugt aswe can't st absolute rules for using sgnificant figures, we have Smilar problemswhen
presenting uncertainties or possible errars. As an example anumber of measurements of a
particular quantity may be presented as 32.41+0.63, if thisis taken to be correctly presented
then the satement implies that alarge number of determinations and a careful datidica andyss
was done before presenting this result; the presenter must have taken great painsto carefully
establish the range of uncertainty.

When guantities with given uncertainties are combined by amathematica operation, the
outcome must have a corresponding uncertainty. Form the following examples we will suppose
tha a=243+0.02 and b=1.04+0.01.

Addition Condder a +b.

We usethe maximum vaue of a (2.45) and add this to the maximum vaue of b (1.05) to get the
maximumvauedf a+b=245+ 1.05=3.50.

Then we do the same with the minimum vaues to get the minimum vaue of
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a+b=241+103=3.44.
The dedred result must liein therange 3.44 to 3.50, we can quote our answer asthe
350+344
value of the minimum and maximum, 340 =5 =247 e mf therange givesthe
350- 344
appropriate uncertainty, 2

Our desred result should be a+b=347x0.03.
In this case a+b with its uncertainty will indude the extreme vaues.

average

=003

Subtraction Congder a- b.

For the difference a - b the procedure is much the same as before, we find the minimum and
maximum vaues and guote the average of these, with haf the range as the uncertainty.

The maximum of a-b=245-1.03=142,

theminmumof a-b=241-1.05=1.36,

sothat therequiredresultis a-b=2.39+0.03.

Y ou will nesd to look carefully at the way in which the maximum or minimum vauesof aand b
have been combined to give the extreme results for this difference. The overriding rule for these
determinationsisto firg think carefully how you can maximise and minimise the reault, this
correct procedure is not always obvious.

Multiplication Condder a” b.
In the case of aproduct the procedureis fill Sraightforward:
the maximum of a b=245 1.05=25725,
themnmumof a' b=2.41" 1.03 = 2.4823,
whilethisimplies a’ b=25274+ 00451
therequired resultis & b =253+ 0.05.
In this example we dlowed the caculation to extend out to five Sgnificant figures because this
working is not the required answer. We should quote our answer with a precison thet does not
exceed the precision of the origind factors (a and b were origindly given to three sgnificant
figures). Notice dso that the maximum implied in the result is 2.58 which is congderably higher
than the rounded vaue of 25725, this choice is a matter of judgement, we could have chosen
257 ingead. Aswe are deding with uncertanties we could dso dlam that it is unlikdly that both
extreme vaues would occur together so that

a b=253+004
could also be considered as an acceptable answer.

Division Condder a/b

In the case of divigon we need to carefully maximise and minimise the result. We maximise this
result by dividing the maximum vaue of a by the minimum vaue of b, while we minimise the
result by dividing tteminimum vaueof a by the maximum value of b.

The maximum of alb = 2.45/1.03=2.379

treminmum of a/b = 2.41/1.05 = 2.295



sothat alb =234+ 0.04,
isthe acceptable answer. An argument could dso be madein favour of 2.34+0.05.

1.4 The mean and deviation

If agngle quantity X is determined (perhapsin an experiment) anumber of times and different
vaues are obtained, then we are often content to quote the average vaue as the find result. To
find this average each vaue can be distinguished by a subscript j as X, for example we could
take the data set:

{x;=12.1, X, =129, X3 =125, X, =12.1, X5 = 12.3, Xg = 12.8, x; = 12.7, Xg=12.5}.
The mean of thesevduesiscdwlatednusing

ax
>—<=%, (1.1)
or 72 121+12.0+12.5+12.1+12.3+12.8+12.7+12.5
8
sothat X =12.49.

A quick inspection of the range covered by the origind data set {x;}will tell usthet our value for
x should be

X=12.5%+0.4.
From adatidica point of view, it would be lesslikdy thet one more measurement would give us
129 or 12.1, the extreme vaues S0 for purposes of prediction of further measurements we
might chose to reduce the range of uncertainty alittle. There are severd formulae thet engble
edimate a reduced uncertainty, the most common oneis that for the sandard deviation,

Although this formula can be a bit of a nuisance to use, most gudent calculators are pre-
programmed to caculate this (or asmilar) sandard deviation. When we gpply thisformulato
our data set, dong with the mean vadue , we get Sandard deviation of

s =0.285.
Thistime, by usng formulae we can dso quote our vdue of x as

x=125+£03.
In this case the use of formulae gppears to have improved our uncertainty from 0.4 to 0.3.
Satidica formulae do not meagicaly improve resuts, for smdl data sats they should merdly
reflect the obvious. Many sudent scientists seem to get afase sense of satidfaction from
minimisng the uncartainties in their measurements, they use formulae and other meansto suggest
that their results have an unwarranted precison and hence accuracy.



1.5 Units

Many physcd quantities are meaningless without the indlusion of the correct units. For example:
the statement "Y ou will have to trave threeto get home" has no meaning until you learn thet the
units are kilometres

The primary units thet will initidly concern you arel
i time seconds, symbal " s", the commonly used varidbleis t
il length; metre, symbal " m", the commonly used varigblesared, |, s, or r,
il mass kilogram, symbal " kg ", the commonly used variableism,
iv dectric current; ampere, symbal " A ", the commonly used varigbleis i or I.
There are ds0 derived units that you mugt learn to use, for example the units of force are
newtons (symbol " N ™). One newton is the force required to cause amass of 1 kg to
acclerae a therate of 1 m s?, or dated mathemaicaly
1N =1 kgms?
Many textbooks gill indude wnitsin the falowing syle
1N =1kgm/s,
this syle can lead to ambiguities and will not be used in this course

We have dready recommended the use of scientific notation as a useful way of expressng
numbers and this aso gppliesto units. The Sandard prefixes are:

[ pico; symbol " p ", representing 10712,

i nano; symbal " n", representing 109,

i micro; symbol " m", representing 106,

\Y milli; symbal " m ", representing 103,

\Y; kilo; symbol " k", representing 108,

Vi mega; symbol " M ", representing 10°,

Vii giga symbol " G ", represanting 100.
The prefix centi isdill in use representing 102, but isno longer officid. This sysem, using
powers of ten that are multiples of three, is sometimes called "engineering notation”. Some
other, not quite officid, units are still commonly used; oneisthe litre (103 n#), another isthe
cdorie(4.19kgn? sz or J). You may adso have problems underganding the goproximate
values of some of the older, now obsolete, units such as"sone", "inches’, and "acres'.

1.6 Graphical representation

Y ou should be familiar with eguations of the type

y=nmx+c,
these give a draight line relationship between the vertica ordinates (or y vaues) and the
horizontd abscissae (or the x vaues). Thisrdation between x and yisoften cdled alinear
relaionship, linear functions have arather different meaning that you may encounter in later
meathematics



The draght linelooks like this

Y y=mx +rc

g wm =tand

(U,c:'}

X

It takes some time before al Sudents can recognise thet equations like
V =IR
or v=u+at
aeds draght linerdations, (Risthe dope of theV againg | graph) or (a isthe dope of thev
agand t grgph and u isthe intercept).

v V=IR v v =+l
tanf = R , ﬁ
atl (Eljl

g
| i :

Now we take a data set generated from alinear relationship, but with some uncertainties added
{(xy)} ={(1,05),(2,1.2),(3,1.4),(4,2.2),(5,2.3),(7,3.6),(9,4.4),(10,4.8)}
and plot these on agraph.

{01,0.50,02,1 203,140,042 3,05,2.30,07,3 6),09,4.4,010,4 51}
F

Lol S R IS R

0 2 4 é 8 1 x
Aswe have added uncertainties for each point we can no longer tell what the origind rlaion
was. In order to esimate the range of sraight lines that might fit this deta set the co-ordinates
have been enclosed by a quadrilaterd (nearly arectangle). The corners of this quedrilaterd are
a (0.8,0.7), (9.8,5.25), (1.05,0.3) and (10.15, 4.8). Two straight lines can be drawn as
diagond s through the corners of the quadrilaterd, either of these lines will gppear as agood

data fit. We can then use these corners to get the dopes of the lines and the intercepts. To do
thiswe can gpply the formula



Y- % _Yom N
X=X, Xp- X

to these diagondsthiswill give

y = 044x +035
ad y = 057x- 029
From these va ues we can say thet the dope of thelineis
m=0.51+ 0.07

and theintercept is c=0.03+0.32
Y ou should not get too concerned about the uncertainty being greater than the actud vaue of c.

1.7 Egimations

A common fault with sudent answers, and one that we have been trying to correct, isto give a
numerica answer to too many sgnificant figures. This fault indicates that the student has not
sopped to reflect on the meaning of the number that has been given. We will run through some
edimates usng just one or two sgnificant figures so thet can obtain aresult with the precision of
anorder of magnitude. An answer such as 3 108 is correct to an order of magnitude when
10# is congdered to be the maximum uncertainty and 103 is the minimum uncertainty. In this
section we are not demondrating how to caculate uncertainties, we are trying to show you how
to test whether or not aresult is sengble or "about right”.

Dendty isthe mass of abody divided by itsvolume:
m

r= V, (12)

where mismassand V isthe volume. According to the old tandard of mass 1 106 n#
(or 1 crr?) of water had amass of 1 102 kg (or 1 gm), hence the density of water is
10° kg
r=--s -
10° m _
Thisresult is correct to three or four places because it involves sandard vaues.
According to the observations of Archimedes, any object with a gregter dengity than water will
ank in the water while any object with alower dengty than that of the water will float on the
water. People just float in water (until their lungs are empty or full of water) and so we can
assume that people dso have adendgty of 1000 kg m3. The volume of a60 kg person can be

=10° kg m®

calculated using the density of water
v="o 0k _go6,
T 7 71000 kg mt

Itisan extremdy difficult busnessto caculae or measure the volume of a person any other
way, the method of estimation gives asmple and rdliable means. Now people are made of
carbon, hydrogen and oxygen with mogt other aomsin smal quantities, as we are esimating we
will assume the average atomic mass of a person to be 10, this means that we expect



Avogadro's number 6° 102 atomsto have amass of 10" 103 kg. From this we can estimate

that each aom will have amass of
m, S107 ke _ygggas
m o6 10”7 )
Asan esimate this vaue isindeed to found to be about right. If one aomic massis

kg

60
10" 10+ kg, our 60 kg person must have "=~ " = 6000 average atomic masses each with

or 6" 1073 aoms. If this person has N alomsthen
N =6000" 6" 10® =36" 10°° » 4" 10*
or they contain 4° 1?7 aoms (for purposes of goproximation 3.6»4). The volumefor each

6 m

aom in our etimaeisV,,, = — =15"10* m*; now if each atom occupies acube,

10

the length of asde of that cube will be the cube root of 1029, that is (102° )*3, Rather than use
acdculaor to cdculate an rough estimate, we can cal thislast number

(8 1030)v3, sp that the cube root is seen to be 2 1020, Our spacing between atomsis about
this distance and the figure is known to be correct to within an order of magnitude.

If you cannot follow the details of this argument yet, you should at leest follow the mathematics
of the estimate.



